In this study, we establish new two-sided inequalities for Tricomi functions. Some special and confluent cases of our main aim are established with the help of the inequalities for hypergeometric functions 0 F 1 −; c; z , c > 0.
Introduction, Motivation and Preliminaries
Two-sided inequalities for the theory of special functions appear in the literature of many areas. A good number of such two-sided inequalities are motivated by different problems in mathematics, sciences and engineering that involve inequalities for the theory of special functions in [2-5, 7, 16, 19-21, 24-26] . Joshi and Arya [9, 10] are devoted to analogous questions. Recently, Joshi and Bissu [11, 13] introduced the concept of the inequalities for confluent hypergeometric function. The inequalities of Bessel functions of the first kind are important in several problems of applied mathematics, mathematical physics, and engineering. Because of their importance, there is an extensive literature on various properties of the inequalities of Bessel functions of the first kind, and they were investigated by famous researchers such as Watson [30] , Joshi and Bissu [13] , Joshi and Bissu [11] , Laforgia [14, 15] , Nasell [22] . For more details, the author [6, 27, 28] has earlier introduced two-sided inequalities of the special functions.
Our main motivation for this paper is to complement and improve the results of Luke [18] [19] [20] [21] , and Joshi and Bissu [11, 13] . In this present paper, we introduce some new results for the inequalities of Tricomi functions by using inequalities for the hypergeometric functions under certain additional conditions in section 3. By using a similar technique as two-sided inequalities for the modified Bessel and Bessel functions, which may be of interest in themselves, have been discussed briefly for presenting research in section 4.
Here, we use the lemma and theorem in [12, 18] are needed throughout in this paper to obtain our main results. The lemma and theorem bring about numerous applications two-sided inequalities in the theory of special functions. 
(ii) Let c > 0 and 0 < z < 1. Then (see Joshi and Bissu [12] eq.(1.2))
where the confluent hypergeometric function is defined by the power series:
Now, we recall the inequalities of Luke [18] which will be used in the follows investigation:
(ii) If c > 0, a < 1 and z > 0, then (see Luke [18] , eq. (5.4))
where the confluent hypergeometric functions 1 F 1 (a; c; z) is formally defined as
In fact, we give the known hypergeometric functions whose product is also a hypergeometric function leads to new two-sided inequalities for Tricomi functions. For these, we use Kummer's transformations in the form 0 F 0 −; −;
and the product identities listed is later given by Preece and Bailey [1, 23] :
( 1.7) 2. Inequalities for confluent hypergeometric functions 0 F 1 (−; c; z)
In this section, we mention new and known interesting special cases of two-sided inequalities for confluent hypergeometric functions 0 F 1 (−; c; z). In Theorem 1.1, in the other limiting process (replacing z by 
(ii) If c > 0 and z > 0, then
2 and z > 0, then
Proof. From (1.4) and (1.6), we obtain (2.4).
.
Proof. To obtain another important integral representation of hypergeometric functions 0 F 3 , we start from the formula for the reciprocal gamma function
where C is the contour (see [17] , p. 115, No. (5.10.5)). Substituting (2.7) into (1.3), we find that hypergeometric functions
and again using the following integral representation, we get
Appropriately applying the inequalities (1.1), (1.2), (1.7), (2.7) and (2.9), we easily obtain (2.5) and (2.6).
Inequalities for Tricomi functions
In this section, we present the inequalities for Tricomi functions which are obtained from inequalities for hypergeometric functions 0 F 1 and we just take them as examples and the others can be derived in the same manner. The Tricomi functions of of the first kind is defined as (see Tricomi [29] )
From (2.2)-(2.6) and (3.1), we get the respective inequalities:
Theorem 3.1. (i) If ν ≥ 0 and z > 0, then the inequality for the Tricomi function is held:
(ii) If ν > −1 and z > 0, then 
(3.4)
(ii) Let ν > −1 and 0 < z < 1. Then
Proof. If we replace c by ν + 1 and from Lemma 1.1, we obtain (3.4) and (3.5). 
(3.6)
(ii) If ν > −1 and 0 < z < 1, then
Proof. By iteration Lemma 2.1, we prove the Lemma 3.2.
In conclusion we observe that on repeated application of the two-sided inequalities for Tricomi functions C ν (z), more two-sided inequalities could be obtained, but the details are omitted for reasons of brevity. In the next section, we will be applied to the study of similar inequalities for Tricomi functions including two-sided inequalities for modified Bessel and Bessel functions.
Inequalities for modified Bessel and Bessel functions
Bessel function J ν (z) is connected with Tricomi functions by the relation (see Luke , [19] , p. 311, eq. 2 and [20] , p. 39, eq. 10 and p.120, eq. 6)
(4.1)
Here, we give the theorem and two lemmas to inequalities for Bessel functions in this first part: 
Proof. Starting with the inequalities for hypergeometric functions (2.1) and (2.2) with (4.1), we obtain (4.2) and (4.3). Lemma 4.2. For ν > −1 and z > 0, then the following inequality holds:
Proof. If we start with the inequalities for hypergeometric functions (2.1) with (4.1), we get (4.4).
Next, the connection between modified Bessel function and Tricomi function is given by (see Luke [19] , p. 311, eq. 2 and [20] , p.120, eq. 6)
(4.5) Lemma 4.3. For ν > −1 and 0 < z < 1, then the modified Bessel functions satisfy the following inequality
(4.6)
Proof. Applying the definition modified Bessel function (4.5) and using the same technique as in Lemma 3.2, we obtain (4.6).
In general, we use all the procedures related in [6, 12, 13, 18] to extend the domain of validity of two-sided inequalities for Tricomi functions and extend our ideas to get inequalities for these functions. It seems that we have sufficiently elaborated on these points in this article and also in our previous study, and further comment is unnecessary.
Numerical examples
Here, we conclude remarks with some numerical examples: 2) The author would like to thank the anonymous referees for their helpful comments and suggestions which improved the original version of this paper.
